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Abstract. Let Spj/(F) be the group of isometries of a symplectic vector space V over a finite field F of odd cardinality. 
The group Spj/(f ) possesses distinguished representations — the Weil representations. We know that they are compatible 
vi'ith base change in the sense of Shintani for a finite extension F' IF. The result is also true for the group of similitudes 
of V. 

1. Introduction 

Let F be a finite field of odd cardinality q, and let be a non-trivial character of F. Consider a symplectic 
vector space V over F of finite dimension and write Spj/ for its group of isometries seen as an algebraic group 
over F. To t/r is attached a canonical class of representations of Sp;/(F), the Weil representations W(/,[Ge]. Let F' 
be a finite extension of F with Frobenius automorphism cr. In this paper, we establish the behavior of with 
respect to Shintani lifting from F to F'. We recall that there is a norm map yielding a bijection from the set of 
Spy(F')-conjugacy classes of cr x Spy(F'); ^ subset of Ga.l(F' /F) x Spy(F')^ onto the set of conjugacy classes of 
Spv(F)- Now set \f/' = if/ o Xxp'iF- 

Theorem. There is a canonical extension W^i ofW^i to Gal(F' /F) x Spy(F') such that 

(★) \xW^.{cr,g)^\xW^(Ng) 

for any g € Spy{F'). 

We actually give an explicit model for W^i, using the Schrodinger model of W^icf. §4). Note that our results 
are in fact more general, in that we consider norm maps for any power of cr: the corresponding statement is in 
§4. We also establish the analogous results in §4 for the Weil representation of the group GSp;/ of similitudes of 
(y, (, )) — the class of that representation does not depend on the choice of i/^. With the same methods, we can prove 
that the Weil representations of general linear groups and unitary groups defined by Gerardin in [[Ge], §2 and §3] 
are compatible with Shintani lifting as well. We shall come back to those cases, with appUcations, in future work. 

In fact the character relation (★) in the theorem is valid for a pair {cr, g), where g is in the semi-direct product 
Spy(F') K M.y(F'). But the identity is = unless {cr,g) is conjugate to {a-,g') with g' in Spy(F') x Zy(F'), Zy 
being the centre of Hy (see §5). So in eff'ect, we are reduced to proving (★) for a fixed g in Spy(F'), or more 
conveniently for a fixed norm h in Spy(F). 

We proceed by induction on 2n = dim V, allowing the field F to vary. If h belongs to some proper parabolic 
subgroup of Sp(/(F), we use the mixed Schrodinger model (§4) to reduce to a smaller dimension (§8). If h 
stabilizes a decomposition V - V\ ® V2 V into a direct sum of two non-zero symplectic subspaces, again we 
are reduced to a smaller dimension (§6, §8). The remaining case is when his a. regular element of a maximally 
elliptic torus T(F) of Spy(F). More concretely, V is a one-dimensional skew-hermitian vector space over a finite 
extension £ of F of degree n and h is an element in (acting on V), of norm 1 in the subfield E+ such that 
{E : E+] - 2. That case is treated in §9 and §10 with some explicit computations. 
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2. Notation 

Throughout the paper, F is a finite field of odd cardinality q, and F' is a finite extension of F of degree m; we 
put r = GdiiF'/F). We also fix an algebraic closure FofF', and write <t for the Frobenius automorphism x i — > 
of F; it restricts to the Frobenius automorphism of F' over F, for which we also write cr. For any positive integer 
d, we let F4 be the degree d extension of F in F; thus F' = F^. 

If cr acts on a set X, we write Xa- for the set of fixed points of cr in X, we use a similar notation for powers 
of cr. If G is a group, we write C(G) for the vector space of complex valued class functions on G; if G k // is a 
semi-direct product group, then the law will be given by (g, h) • (g', h') = (gg', h • g{h')), where g{h') denotes the 
action of g e G on the element h' of the invariant subgroup H. 

3. Norm maps 

Let i be an integer, Q < i < m - I, write d for the greatest common divisor of m and i; put i = dj,m = d^ for 
some integers j and jx. We choose an integer t such that ti = d {modm). 

Let G be a connected linear algebraic group over the field F. We consider the semi-direct product Gsi{F/F) x 
G(F). In [Gy], Gyoja constructs a norm map N,,, from cr' x G(F') to GiF^) in the following way: 

For g in G(F'), choose a = aig) in G(F) such that 

(l,a-'(7^{a)) = {cr-'',l)-{a\g)' 

and let 

N,/cr',g) = a{ga'ig) ■ ■ ■a'(^-'^ig))a-\ 

That element N, ,(cr', (i) does belong to G(Fd), and its conjugacy class in G(Fd) does not depend on the choice of 
a. Moreover, Gyoja shows that N,,, induces a bijection from the set of G(f )-conjugacy classes in cr' « G(f ') onto 
the set of conjugacy classes in G{Fa). It is inomediate that this bijection is cr-equivariant. 

Remarks: 

(i) For J = ? = 1, we recover the classical Shintani norm map[[Dl], [S]]. Note that N,_( does depend on the 
choice of f; for instance, it can be proved that Ni,m+i = Shp/F ° N14, where Shp/F is the notation for the Shintani 
self-hftof [Dl]. ' '_ 

(ii) Putting T = cr^, which is the Frobenius automorphism for F/Fj, we see that for cr'(g) = T^ig), the norm 
N, ,(cr',^) is the same as Nj,(t-', ^), thus we can always reduce our considerations to the case where i is prime to 
m, at the cost of allowing a change of base field from F to Fj. 

(iii) Assume that G is commutative; then for g in G(F'), we have Nij{(r',g) = g(f{g) ■ ■ ■cr'^~^^ig), in other 
words, this is simply the usual norm of g from G(F') to G{Fa). 

Composing with N,_, gives a vector space isomorphism Ni^, of C(G(Frf)) onto the vector space C(cr' « G(F')) of 
complex valued functions on cr' ixG(F') which are invariant under conjugation by G(F') . It induces an isomorphism 
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of C(G(F(;))o- onto the vector space C(cr' « G(F' ))o- of complex valued functions on cr' « G(F' ) which are invariant 
under conjugation by T tx G(F'). 

When G is abelian, and;^^ is a character of G(F), we get a character of F k G(F') by composing with the 
usual norm N from G(F') to G{F) and extending trivially on F. So for g e G(F'), we have 

When G is non-abeUan, and x is the character of an irreducible representation of G(F), it is not generally the 
case that N^ix) is the restriction to cr' x G(F') of some character of a representation of F x G(F'). However this 
paper is concerned with a situation where it is indeed the case. 

For later use, we shall recall some results of Gyoja in [Gy]: 

Lemma 3.1. (i) For any x^x' ^ C{G(Fd)), we have {x,x') = (M. fOt), Ni,,(x')), where {x,x') := 
1G(?^ I^x^G(F,)Xix)x'{x) and {Ni,,(x), M.tC^r')) := io^^g(f')\ I'y€G(F')Xi'^i,tio-',y))x'i'^i.yi'^',y))- 

(ii) Through the lifting maps Nij by allowing i to vary from to m - I, we can decompose C( GdA{F' I F)G{F')) 
as the direct sum ®™q'C(G(F')o-Oo- 

( Hi) The above decomposition is compatible with the usual induction map, the restriction map, the product map, 
etc. For example, if H is a connected algebraic subgroup of G defined over F, then for x £ C(Gal(F'/F)G(F')) 
such thatx\aW) = Ni,,(x') for some x' e C(G(F<,))^, we have R&s^^,'^p^^^,](x) = Nu, o R^^l^'^ix'). 

4. Extended Weil representation 

As in the introduction, we fix a symplectic vector space V over F, and write 2n for its dimension, (, ) for the 
symplectic form on V. We see V as a linear algebraic group, denoted by the bold letter V, and similarly for the 
group Spy of isometries of V, the group GSpy of similitudes of V. 

Let Hy be the Heisenberg group over F associated to V: for each F-algebra R, Hv?(/?) is the set V(/?) ffi R, 
endowed with the group law 

(Vl, fl)(V2, ti) = (Vi + V2, ti+t2 + -{vi,V2)r), 

where the form (, )« is obtained by scalar extension. Then Hy is a non-abeUan connected algebraic group over F, 
with centre Zv such that Zy(/?) = {(0, x)\x G R]. 

Fix a non-trivial character ij/ of F, and put if/ = if/ o tip'/F- To i// is associated the Weil representation of 
Spy(F)Hv(F) — it is in fact an isomorphism class of representations. We write p for that Weil representation, and 
tr(p) for its character Similarly to i//' is associated the Weil representation p' of Spy(F')Hv(F'). Indeed for each 
positive integer d, we have a Weil representation of SpYiFd)llviFd) associated to the character ij/^ = i/zo Xvf^if- 
Our main result is the following: 

Theorem 4.1. There is a unique extension p' of p' /o F x Spy(F')Hv(F') such that, for integers i, t, d as in § J, and 
g € Spy{F')Hv{F'), we have 

(★) \xp'{(/, g) = txpdi N,-,,(cr', g)). 

In particular, for i = t = I, we obtain 

trp'io-,g)=tipiNi,iio-,g)), 
i.e. the Weil representation is "compatible" with Shintani lifting. 

As indicated in the introduction, this will be proved progressively. In this §4, we use the Schrodinger model 
of p' to construct an extension p' such that tr p'(cr) - trp(l); note that Ni_,(cr) = 1 for all possible f's. Then by 
Clifford theory, p' is the unique extension satisfying this simple character relation, so the remaining problem will 
be to prove (★) in general. For this purpose, in the following section §5, we examine the support of the character 
p'; in §6 and §7, we consider the restriction of p' to some interesting subgroups; the proof of (*) will be reduced 
to a very special case, and we treat this special case in §9 and §10. 

Firstly admitting the theorem, let us derive a consequence for the groups of symplectic similitudes. Put n = 
^^^Spv(F) ^ P^^Pv(F)' Weil representation of GSp^,(F) which is independent( up to isomorphism ) of the 

choice of ^[Ge]; similarly as in §4, for each factor d of m, we denote the corresponding Weil representation of 
GSpyCF^;) by TTd, and also write n' for d = m. 
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Theorem 4.2. There is a unique extension n' of n' to T ^ GSpy{F') such that, for integers i, t, d as in §5, and 
g' e GSpviF'l we have 

(★') tr n'{cT\ g') = tr n„{ N,v((r', g')). ^ 

Moreover, the induced representation ofTt<GSpy{F')from the representation p' ofTx-Spy{F') satisfies the desired 
conditions. 

Proof Uniqueness comes from Lemma 3.1 (ii), and by (iii) in the same lenrnia and Theorem 4.1, we see 
^^'^^^(p'l'Slll^? (^""P')^^^ = [M4lndg^^''nrp<i)]((r',^'); in this equahty, the second term is equal to 
tr Ttdi Ni^Xo"', g')), so the results follow. □ 

Now let us fix a complete polarisation V = X © X* of V, so that X, X* are two Lagrangian subspaces of V. 
We denote the corresponding algebraic groups over F by X, X* and V respectively and write e' for the unique non 
trivial quadratic character of F'^. Then the Weil representation p' of Spy(F')Hy(F') can be reaUzed in the space 
C[X*(F')] of complex functions on X*(F') by the following fonnulas[cf. [Ge]]: 



(1) P'(l, ix + x*+ k))f(y*) = 4f'(k + (y\ x))f{,x* + /), 

(2) P'((J P)fiy*)-^'i^^)fiy% 

(3) p'((o ^f_ij,l)/0'*) = e'(det(a))/(aV), 

(4) p'( ||! Q J , 1)/(J*) = Y((/'')-"e'(det(c)) ^^^^^ f{x*W{{x\ c-y))dx\ 



where b e Hom(X*(F'),X(F')), a € Aut(X(F')), and a* e Aut(X*(F')) is the adjoint of a with respect to 
the bilinear form X(F') X X*(F') F' given by ix,x*) i-^ {x,x*}, and finally c e Isom(X*(F'),X(F')), 
c' eIsom(X(F'),X*(F')). 

Let /o- be the automorphism of C[X*(F')] given by 

lADix) = f{cT-\x)) for / e C[X*(F')],x e X*(F'). 
It is easily verified on the formulas (1) to (4) that 

I^p'{g)I-' =p'{cr{g)) forge Spy(F')Hv(F'); 

in formulas (1) and (2), one uses the facts that ij/' is cr-invariant and that the symplectic form on V(F') is cr- 
equivariant; in formulas (3) and (4), one uses moreover that e' is also cr-invariant. 

Since (/^) is the identity, it follows that there is a unique extension of the action p' of Spy(F')Hv(F') on 
C[X*(F')] to an action p' of T k Spy(F')Hv(F') such that a acts via la-. By the formulas for /„-, tr p'(o-) = 
which is also trp(l). 

5. Support of the character of the extended Weil representation 

It is a result of [[Ge], p. 84-85] that p ® p is isomorphic to the representation of Spy(F)Hy(F) induced from the 
trivial representation of Spy(F)Zv(F); in particular, the character of p is outside the conjugates of Spy(F)Zv(F). 
We estabhsh the analogous fact for p'. 

Proposition 5.1. p'®p' is isomorphic to the representation ofTxSpy{F')Hv{F') inducedfrom the trivial character 
ofY K Spy{F')Zv{F'). 

Proof. The representation X' - IndQ^|^,^^^gp|^'^,^2|^*^/) 1 can be realized in C[V(F')] by the following formulas: 

(5) J'(/i)(F)(v) = F(v + vo) for h e Hy(F') with projection vq on V(F'), 

(6) ^(i)(F)(v) = F{s-\) for s e Spy(F'), 
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(7) A'(cr)(F)(v) = F(cr-\v)). 

Recall, for^ e Spy(F')tiv(F'), we have 

p'(8)p'(cr)(f)(x*) = p'(g)Uf)(x*X 

where x* e X*{F'). As shown in [Ge], p'\spy(F')Hv(F') isomorphic to the Weil representation p'^ associated to 
the character if/' ( defined as x — > i//(-x)) of F. Hence the extended representation p' can be realized in C[X(F')] 
by the analogous formula: 

P'(g)p'((r)(.f)(x) = e'-^p'-igyJMx) 
for g e Spy(F')Hy(F'), x e X(F') and m-th root of unity ^. Computing its trace at cr, we get ^ = 1. 

Now let / be an automorphism on C[V(F')J defined by I(f)(x + x*) = t//'{{x, x*))f{x + x*) for x e X(F') and 
X* e X*(F')- In [[Ge], p. 84], Gerardin verifies that / • I'{h) = p' ® p'{h) • / for /i e Hv(F'). Moreover, Gerardin 
observes that any other such endomorphism /' is the composition of a convolution operator 0* on C[V(F')] with 
/. If one takes this ^: 

0(jc + jc*) := if>'{2{x*, x)) for x € X(F'), x* e X*(F'), 
then the results in [[Ge], p. 85] say that 

I'J'is) = p'~ %p\s)r for s € Spy(F'). 

Moreover, by definition, we see 7' o = o /', so 7' • I'icr)f = I' IAD = Ic-I'if) = P'~ ^p'icrWif) for / e V(F'), 
and the result follows. □ 

Corollary 5.2. trp' is outside the conjugates ofY x Spy{F')Zv{F'). 

6. Orthogonal DEcoMPosmoN 

Let y = Vi ® y2 be a decomposition of V into the direct orthogonal sum of two symplectic spaces Vi and V2- 
We then have a group homomorphism 

Hv,(F)xHv,(F)^Hv(F) 

[(Vl,/Jl),(vi,/C2)] I > (Vl +V2,ki +k2), 

and an obvious embedding 

Spy^iF)XSpy^iF)^Spyin 

SO we get a group homomorphism 

(Sp^,(F)Hv,(F)) X (Sp^^(F)Hy,(F)) ^ Spy(F)Hv(F). 

It is a result of [Ge] that p o S is isomorphic to the (extemal) tensor product of the Weil representations pi, p2 
associated to t// and the symplectic spaces Vi, V2. 

Over F', we have analogously a group homomorphism 

Sp^,,(F')Hv,(F') X Sp^,^(F')Hv,(F') Spy(F')ny(F'). 

It clearly extends to a group homomorphism 

6' -.Fx [Sp^,(F')Hy,(F') X Spy^(F')Hv,(F')] ^ T Sp^(F')Hv(F'), 

and the left hand side is a subgroup of (T k Spy^ (F')Hyj (F')) x (F x Spy^(F')Hv,(F')). We write p^, p^ for the 
extended Weil representations of the two components of that groups. 

Proposition 6.1. The representation p' o 6' is isomorphic to the restriction ofp\ ® Pj to F x \{Spy^ {F')Hy^ (F')) X 
{Spy^{F')Hy^{F'))]. 

Proof. On restriction to (Spyj(F')Hvj(F')) X (Spy^CFOHy^CF')), that is the above mentioned result of Gerardin. 
To compare the two extensions to the semi-direct product with F, it is enough to compare the traces at cr(provided 
they are non-zero). If dim Vi = 2ni, and dim V2 = 2n2. the trace of p' o J' at cr is q", and the trace of p\ ® Pj at 
(cr,cr) is q"^q"^ = q" . □ 
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7. Restriction to a proper parabolic subgroup 

Let now V+ be a non- trivial isotropic subspace of V, and Vq the symplectic space V+/V+. Write P for parabolic 
subgroup of S pv which is the stabilizer of V+. Write the corresponding Unear algebraic groups over F as V+, V, 
Vo P, Spy. Then we have an exact sequence of algebraic groups 

1 ^ U ^ P — ^ GL^^ X Sp^„ 1, 

where U is the unipotent radical of P and the homomorphisms P — > GL^ , P — > Spy^^ are given by the induced 
actions on V+, Y^. Note that when V+ is a maximal isotropic subspace, Vq = {0} and Spy^ is just the trivial group. 

Let Hj_ be the inverse image of in Hy, then the Heisenberg group Hy^ appears as the quotient of by the 
subgroup V+ ffi 0. Of course, P stabilizes H±. All are viewed as algebraic groups over F, and denoted by the bold 
letters. It follows that we have a natural homomorphism 

Writing po for the Weil representation of Spy^iF)Hyg(F) associated to ^( the trivial representation of the trivial 
group if Vo(F) = 0), and e for the unique non-trivial quadratic character F^, it is a result of Gerardin[[Ge], 
Theorem 2.4 ] that the restriction of p to P(F)Hy(F) is induced from the representation of P(F)H^(F) obtained by 
(composing with rj over F) the representation given by e o det on GLy^(F) and by po on Spy^iF)Hy^^(F). 

Now T] over F' readily extends to a homomorphism 

T,':rx (P(F')H^(F')) ^ r X (GLv^(F')Spy„(F')Hv„(F')), 

and the group on the right is a subgroup of (t « GLy^(F')) x k Spy^(F')Hyj(F')). 

Now ? o det : Fx GLv^(F') — > C; (r.g) i-^ e'(det(g)) is a character of F k GLy^(F'). We can take the 
product of e' o det with the extended Weil representation p'^ofTx Spy^iF')Hy^{F') associated to i// (or the trivial 
representation of F if Vq = {0}), and restrict to F k (GLv^(F') x Spy^(F')Hv„(F')) to get a representation, written 

Proposition 7.1. The restriction ofp' to F ►< P{F')Hy{F') is induced from the representation e'po composed with 
V'- 

Proof. On restriction to P(F')Hy(F'), that is the above mentioned result of Gerardin. As in §6, it is enough to 
compute the trace at cr. So we need to check that the trace of the induced representation at cr is indeed q". Now 
the cosets in F x P(F')Hv(F')/F x P(F')Hj_(F') are represented by Hv,(F')/H_l(F') and for h e Hv(F'), we have 

il,h)icr, l)(l,r') = {a,ha{h-^)) = {a, V){l,a-\h)h-^), 

which belongs to F x P(F')Hx(F') only if h is fixed by cr modulo Hi(F')); but then this means that we can take h 
to be in Hy(F), in which case, (1, /z)(cr, 1)(1, ') = (cr, 1). All in all, the trace of the induced representation at cr is 
|Hv(F)/H_l(F)| • q"^ with dim Vq = 2no; since |Hv,(F)/H_l(F)| = |V+(F)| = ^"""o, we get the desired result. □ 

8. Reductions 

We now start the proof of equality (★) in the main theorem. We proceed by induction on n = ^ dimjr V. The 
case where n = being entirely trivial, we assume n > 0. We fix i and t, and as remarked in §3, we may and 
do assume that i is prime to m, so <i = L We have to prove (★) for a fixed g, or equivalently for a fixed norm 
/i = N,„(cr',^). 

If h does not belong to Spy(F)Zv(F), then {cr\g) is not conjugate to cr' x Spy(F')Zv(F'). In that case, the 
equahty (*) is = by the result of §5. So we may assume that h belongs to Spy(F)Zv(F). But Zy(F') acts in 
p' via the character \f/', so on F x Zv(F'), the character relation (★) is immediate. Applying Lemma 3.1 (iii) to the 
product Spy(F)Zy(F), we see that we may assume that h belongs to Spy(F), and g to Spy(F'). 

If h stabiUzes a non-trivial decomposition V = Vi © V2 as in §6, it acts on V(F) via {hi, h2) with h\ e Spyj(F), 
h2 e Spy^{F). By Lemma 3.1 (iii) and Proposition 6.1, the equality (★) comes from the induction hypothesis 
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applied to Vi and hi in Spy^CF), and to V2 and hi in Spy^(F). 

If h stabilizes a non-trivial totally isotropic subspace V+ of V, then it belongs to the group P(F) of §7, and we 
can take g in P(F'), write (^+,^0) for the projection of g to Ghy^iF') x Spy^iF'), and similarly (h+,ho) for h. We 
note that 

trpo(o^,^o) =trpo(/Jo) 

by the induction hypothesis and 

?(det g+) = e(det h+) 

directly. The equality (★) for (g, h) then comes from Proposition 7.1 and Lemma 3.1 applied to the induction from 
PH^ to PHy. 

So the only remaining case is when h stabilizes no non-trivial orthogonal decomposition V = Vi ® V2, 
and stabilizes no non-trivial isotropic subspace V+ of V. Let us analyze that case. Let h = su be the Jordan 
decomposition of h into a semi-simple part s and a unipotent part u, with su = us. Then F[s] is a semi-simple 
conmiutative subalgebra of Endf (V), and the adjoint involution on End^ (V) associated to the symplectic form on 

V induces s 1 — > s~^ on F[s]. 

Writing F[s] as a product of fields iFa)aeA, we accordingly have a decomposition of V as a direct sum 

V = ©ffeA Vff, where F[s] acts on y„ via F„. The involution s 1 — > i"' gives a permutation a 1 — > a on A, together 
with isomorphisms Fa - Fa, and the orthogonal Va of Va is %^aV]s. 

Assume first that A has at least two elements, and take a in A. If a = c? then V is the orthogonal direct sum of Va 
and ©/j^ffV/j; each of those subspaces is stable under s and u, hence under h, which contradicts our assumption on 
h.lfai= a, then h stabiUzes the non-trivial totally isotropic subspace Va, which again contradicts our assumption 
onh. 

So we see that A has only one element, say a = a. So F[s] is a field E, and m is an E-Unear endomorphism of 
V, the involution s 1 — > ' on E has a fixed subfield E+. 

Assume first that £ = £+ , i.e. s = ± 1 , which imphes E = F; then Ker(M - 1 is a non-trivial subspace of V, and 
any Une in that subspace is isotropic and stable under h, again a contradiction. We conclude that £ is a quadratic 
extension of E+; then there exists a skew-hermitian form ip on the £- vector space V — skew-hermitian with respect 
to E/E+ such that, for v, v' in V, 

<v,v') =trEjF {(fiv, v')). 

Then s acts on V as an element of E^ with norm 1 to E+, and u acts as a unipotent element of the unitary 
group associated to (p. Now the kernel of m - ly is orthogonal to its image. If m ^ ly, then the intersection 
Im(M - ly) n Ker(M - ly) is a non-zero isotropic subspace of V stable under h = su. 

So we conclude that u = ly and that the E-vector space V contains no isotropic non-zero vector with respect to 
(p: that implies V has dimension 1 over E. This very special case will be treated in the next §9 and §10. 

9. The CASE of 5 1,2 

We keep the preceding notation, and write for the unitary group of (f seen as an algebraic group over E+ , and 
T for its restriction of scalars from E+ to F. Thus T is a maximally elliptic torus of Spy over F, and T{F) = U^(£'+) 
is the group E^ of elements of E with norm 1 to £+. 

Let w be the non-trivial character of T(F) of order 2, and cjifr the character of T(F)Zy(F) given by o) on T(F) 
and t/r on Zv(F). 

Proposition 9.1. The virtual representation v = Ind^^^.^^'' (p\hv(f)) - ^''^^t(F)zIIf) restriction of p to 

T{F)Hv{F). 

Proof. The first term of the virtual representation v is the sum of the inequivalent irreducible representations 
<Pp\T(F)'ay(F) where (p runs through all characters of T(F). For such a character (p, the multipUcity of ^cp|T(f)Hy(F) 
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in the second term of the virtual representation is the multiplicity of w in (/ppIt(F). But it follows from [[Ge], p.73] 
that p\t(f) is the direct sum of the characters of T(F) distinct from o), hence the result. □ 

The situation we are reduced to is the following: we have an element s of T(F) which is the norm from F' to F 
of some element s' of T(F')( note that T is commutative), and we want to show that 

(★★) tr p'(cr', /) = trp(.v), 

for any integer /, < ; < m - 1, prime to m. Note also that E = F[.s-J so that in particular s and s' are not 1. 

It is tempting to try and prove it via a proposition similar to the above, but for p'|rKT(F')Hv(F')- That is not so 
straightforward, essentially because the f -algebra E (g)f F' is generally no longer a field. In this section, we will 
treat the case n = I so that E+ = F; the general case wiU be dealt with in §10. 

First we assume that m is odd; then E (g)f F' is a field E' — a quadratic extension of F'. We denote by co' the 
order 2 character of T(F'), which is simply a> composed with the norm from T(F') to T(F), since that norm is 
surjective. 

Proposition 9.2. Assume n = I and m odd. Then the virtual representation 

' I Ar<^T{F')Hv{F') X J ,r«T{F')Hv{F') , —rr,-, 

is the restriction of p' toT ^ T(F')Hv(F'). Here oj'i//' is the character ofT « T(F')Zv(F') obtained by extending 
(J^ trivially on F. 

Let us assume Proposition 9.2 for a moment, and prove in our special case n = I, m odd. As s and s' are 
not 1, the first term of the virtual representations contribute nothing to trp^c', s'') and trp(i). But it is clear that 
and oj'ili' verify the Shintani relation for the lifting from T(F)Zy(F) to F k T(F')Zv(F')- By Lemma 3.1, it 
follows that the second terms have equal contribution, which gives 

Let us now prove Proposition 9.2: we remark that V has positive dimension and that trv' (cr) = q'" = trp'(cr). 
The following lennma then shows that V is an irreducible representation. By Proposition 9.1, with F' as a base 
field, we see that v' is an extension of p'lT(f ')Hy(F')' Proposition 9.2 follows from the equality of traces at cr. 

Lemma 9.3. {V^V) = I. 



Proof. By Lennma 3.1, (v', v') - Gai(F7F)T(F')H(F')l ^^=0^ Za€T(F')H(F') 
= |Gai(F7F)T(FOH(FOI ^"^0 ^ T(F')H(F')KM.(v'), M.r(v')> 

= |Gal(f7F)T(FOH(FOI ^"^0 - T(F')H(F')KyV;,r(v'), M,(v')> 

= |Gal(f7.F)T(F')H(f')| ^T=0^ l'^' ^ T(F')H(F')|<P(m,O.P(m,i)> = 1- □ 

Now, we assume that m is even, still with n = I; then E (g)^ F' splits as F' © F', so that T(F') is isomorphic 
to F'^. As before, we let co' be the order 2 character of T(F'), which is again co composed with the norm map 
from T(F') to T(F). Now we write 77 for the order 2 character of F, and extend as before co'i//' to a character of 
F K T(F')Zv(F') trivial on F. 

Proposition 9.4. Assume n = I and m even. Then the virtual representation 
is the restriction ofrjp' toT x T{F')Hv{F'). 

Proof. By construction, dim v' = q'" and from Lemma 3.1, we get tr v'(cr) = -q. The following lemma, proved as 
above, then shows that v' is irreducible. By Proposition 9.1, it is an extension of p'It(F')Hv(F'), which has to be vjp' 
since trv' (cr) = —q. □ 

Lemma 9.5. {V^V) = I. 

We can now prove (★★) when n = I and m is even. The proof is as above taking signs in account; the first terms 
in tiTjv'icr', s') and tr v(i) contribute nothing, and the second terms are equal, because J7(o"') = -I. 
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10. End OF PROOF 

We are now ready to prove the formula (**) for a general n>l (we keep the notation and assumptions of §8). 
We proceed by a kind of reduction to §9, and the problem is rather a matter of careful book-keeping. 

We can see V as a vector space over E+. Endowing it with the form 6 = tr e/e+ <P, we get a symplectic 
vector space of dimension 2 over E+, for which we write W; with it comes a Heisenberg group Hiy with 
M-w{E+) - W(£'+) ffi E+ as sets, and there is an obvious morphism from Htv(£'+) to Hy(F) which is identity on 
W(£'+) = V(F) and is given by Xxr+if on Ziv(£+). On the other hand Spjy(£+) is obviously a subgroup of Spy(F). 
That gives a morphism r from ^pyi/{E+)Ryi/{E+) to Spy(F)Hy(F). If we write pw for the Weil representation of 
Spjy(ii+)Hiy(-£'+) associated with \]/e^ - tfr o Ite^/f, we know [ [Ge], 2.6] that p o r is isomorphic to pw- As T(F) 
is included in Sp^(£+), we can work with Pw\t(F)H„(e+) rather than p\T{F)Hy(F)- Similarly, we want to express 
p'\r^T(F')Hv(F') in terms of Weil representations attached to 2-dimensional symplectic spaces. 

Let e be the greatest common divisor of m and n; then E+ (g)^ F' splits as the direct sum of e fields £+, each 
of degree m/e over E+ and n/e over F'. The group T permutes the factors transitively, and the stabilizer of each 
factor is generated by cr^; more precisely, cr induces an £+ -linear isomorphism of E" to {E"y, and cr'^ gives 
a generator of Gal(£+/£+) for each a. Note however that cr^ is not in general the Frobenius automorphism of 
E"/E+; that will not cause any problem with norms, nevertheless, because T is commutative. 

Now W(£+ ®F F') is endowed with a E+ ®f F'-bilinear symplectic form( obtained from 6 by scalar extension); 
it splits as a direct sum of spaces Wa, each has dimension 2 over E" and carries the E^-bilinear symplectic form 
5a obtained from 6 by scalar extension from E+ to E". The symplectic space W(£'+ (8/? F') is the orthogonal 
direct sum of the symplectic subspaces W«. Endowed with the F'-bilinear symplectic form tiEi/F'i^a), is a 
symplectic vector space Vq, over F', and V(F') is isomorphic to the orthogonal direct sum of the y„'s. 

Now for each a, Spy (F') is a subgroup of Sp(/(F') and we have a natural inclusion Hv^(F') — > Hy(F'). 
Altogether, that gives a morphism Ha Spy (F')Hv^(F') — > Spy(F')Hv(F') and it follows from [[Ge], 4.6] that 
the inflation of p' through that morphism is the tensor product of the Weil representations p'„ (with respect to if/). 

Similarly, through the natural morphism from Sp^^(FJ)H;,.^(F^) to Spv^(F')Hv^(F'), p'a gives the WeU 
representation of Sp;,,^(F+)Hwf^(F+) attached tr e^/f' = */fE+ ° tr£j/£+. 

We now want to extend ®apj to a representation /? of F ►< ( Yla ^VwS^+)^wS^+)) giving trace q" to cr. We 
use tensor induction for that. More precisely, enumerate the a's as E'^ ,El' - [E""]"', • • • , F"'"' = [E""]'^ '(with 
Ef = [E""]'^) and fix a model for p^^ on some space X, for example a Schrodinger model; extend that model 
uniquely to a representation pj of {(j")«Sp^,JE")IlwJE"), so that cr* has trace q" (here {a") denotes the subgroup 
of F generated by cr' ). Then there is a unique action of F k ( Yla^Vwai^+)^WaiE+)) onXo ®Xi ® ■ • • with 
Xj = X foT i = 0, - ■ ■ e - 1, such that 

(1) For J = 0, • • ■ , e - 1, Sp^^ (F+')Hw„. (F+') acts only on flie factor X, via p^^ o o-'. 

(2) cr acts by sending xq ® • • • Xg-i to |cr''(xe_i) ® xq ® • • • Xe-ij. 

Clearly the trace of cr on that representation is the trace of cr* on X i.e. q", and the restriction to 

Yla SPw„ (E+)llw„(E1) is isomorphic to the product of p". It follows that if we inflate p' via the natural homomor- 
phism from F « (Yla SPwS^+)^w„iE+)) to F «x Spy(F')Hy(F'), then get a representation isomorphic to R. 

Now let us retum to our element s in T(F) = E^ Q E^; we rather see T as a maximally elliptic torus S of 
Sp^, so that s is an element of Sp(y(£+); the symplectic vector space Wa^ is obtained from W by scalar extension 
from F+ to E"°, and there is an element s'q of S(F+°) with norm s to S(F+) = E^. Now consider the element 
s' = (s'q, 1 , • • ■ , 1) of S(F+ ® F') = n*-^ S(F"0; then we have N,,,(o-', s') = s (norm from T(F') to T(F)). But from 
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§9, treating the case where n is 1, we see that 
From the construction of R, we see that 
and the result follows from §9. 

Remark 10.1. Clearly, the considerations of this section have to do with the behaviour of Gyoja 's norm maps with 
respect to restriction of scalars. As our concern is more immediate, we have refrained from developing that aspect 
along the lines of LD2J. 
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